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ABSTRACT
The model-theoretic structure (Ran,exp) is investigated as a special case
of an expansion of the field of reals by certain families of C*-functions. In
particular, we use methods of Wilkie to show that (Ran,exp) is (finitely)
model complete and O-minimal. We also prove analytic cell decomposition
and the fact that every definable unary function is ultimately bounded by
an iterated exponential function.

Introduction
Wilkie [W1,2] recently proved that the structure

Rexp = (R7 <707 ]-a +, ) ',eXP)

is model complete, that is, Th(Rexp ) is model complete. Earlier it was shown, cf.
[vdD2] and [D-vdD], that the structure

Ran = (Rv <,0, 1, +, = (f)fER{X,'m},meN)

is model complete, where R{X,m} := R{X1,...,X,»} denotes the ring of all
power series in X7,..., X, over R that converge in a neighborhood of [—1, 1]™,
and where for f € R{X,m} we define f: R — R by

f(z), forze[-1,1]™
0, for x € R™ \[-1,1]™.

Fa) = {
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(The subscript “an” stands for “analytic”; by [D-vdD] the sets definable in R,,
are exactly the finitely subanalytic sets introduced in [vdD2] .)

These two model completeness results imply, by older theorems of Lojasiewicz
and Hovanskii, that R,, and Rexp are O-minimal. This raises a question that we

answer in this article as follows, cf. (6.9):
THEOREM: (R,,, exp) is model complete and O-minimal.

(This makes (Ra,, exp) the largest presently known O-minimal expansion of
the ordered field of reals.) The proof of this theorem is very much along the lines
of Wilkie’s proof for Rexp: we extend arguments from [W1,2] to obtain a sort of
relativization of Wilkie’s theorem so that we can add the exponential function to
suitable model complete and O-minimal expansions of the ordered field of reals,
and preserve model completeness and O-minimality; see (6.10).

To check that this relativization applies to R,, we use a theorem of Frisch [F]
to the effect that the power series ring R{X, m} is noetherian; see section 2. We
also need an easy extension of Hovanskii’s theorem [H]; see section 3. Another

model complete expansion of the real field is
R, <,0,1,+, —, -, sin |[—7, 7], exp),

where, say, we define sin |-, 7] to be 0 outside [—, 7] to make it total. In fact,
our relativization of Wilkie’s theorem shows we can replace here sin |[—, 7] by
the restrictions to [0,1]™ of any Pfaffian chain on R™, provided we put certain
real constants in the language, cf. (6.12)(ii).

As mentioned already we follow here Wilkie’s method for proving model com-
pleteness of certain expansions R of the field R, which consists in carrying out
the following three steps for T := Th(R):

STEP 1: Show that T is model complete if for each pair of models k and K of
T with k C K, every “regular” solution in K" of a system of n equations in n
unknowns given by terms over k lies in k™. (See (1.1) below for the notion of

regular solution.)

STEP 2: With k and K as in step 1, show that every regular solution in K" of
a system of n equations in n unknowns given by terms over k is k-bounded.
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STEP 3: Improve the conclusion of step 2 by showing that each such regular
solution actually lies in k™.

This way of proving model completeness, in combination with the finiteness
of the number of regular solutions (Hovanskii), has interesting consequences, the
most important of which is O-minimality; cf. (5.11). Another is finite model com-
pleteness, cf. (5.14): Call an L-theory T finitely model complete if for each
L-formula ¢(z), z = (£1,...,%p), there is a quantifier free L-formula 6(x,y),
with y = (y1,--.,yn), such that T ¢(z} « yb(z,y) together with an integer
k > 1, such that T + 3<Fyf(z,y). Finite model completeness implies of course
model completeness, and we actually prove that all structures above are finitely
mode] complete.

Finite model completeness is a weaker variant of the strong model completeness
of [vdD3]. Related to finite model completeness and O-minimality are some
further results for Rexp, (Ran,exp) and similar expansions R of the field of reals
discussed in this paper.

In section 7 we characterize the definable closure of a subset S in any structure
K elementarily equivalent to R as the set of coordinates of regular solutions of
systems of equations given by terms with constants from S.

In section 8 we prove that definable sets can be decomposed into finitely many
analytic cells and that definable functions are piecewise analytic.

In section 9 we provide an iterated exponential bound for the asymptotic
growth of functions f: R — R that are definable in (R,,, exp).

To be able to treat all the above expansions of the field of reals in an efficient
and uniform way, we introduce in section 3 the notion of “system of C*°-rings”.
Such a system consists for each n € N of a ring of C*°-functions on R™ closed
under taking partial derivatives. A large part of sections 3 and 5 is devoted to
deriving basic facts on such systems when they satisfy extra properties (Hovanskii
property, noetherianity), and are extended in certain ways.

During our work on this paper Ressayre ([Re]) found a novel approach to
proving model completeness of structures like Reyxp and (R,p,exp), leading to
other results that seem hard to obtain via Wilkie’s method, for instance, simple
explicit axiomatizations of the theories of these structures relative to the cor-
responding “restricted theories”. Elaborating on Ressayre’s ideas one can show
that the structure (R,,,exp) admits quantifier elimination when the language is
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extended only by a function symbol log to denote the logarithm function (de-
fined to be 0, say, for nonpositive arguments). (See [vdD-M-M)].) This in turn
implies strong model completeness, instead of the finite model completeness of
this paper. However, this approach does not give O-minimality without a certain
amount of further work roughly equivalent to what is done in the present paper
in sections 3 and 5. Also for the results in sections 7, 8 and 9 extra work would
be needed, though it is fair to say these results are almost visibly evident from
the Ressayre point of view. Nevertheless, it seems reasonable not to abandon
the remarkable methods introduced by Wilkie, and to put them into a somewhat
more general setting, as we have tried to do in this article.

Lou van den Dries thanks the Institute for Advanced Studies of the Hebrew
University of Jerusalem for its hospitality and the use of its facilities during the

writing of this paper.

1. Preliminaries

1.1 DIFFERENTIABILITY AND REGULARITY. We often deal with C*°-functions
on ordered fields different from R, so it may not be out of place to fix some

definitions.
Let K be any ordered field, U an open subset of K*. For z = (z1,...,z,) € K,
put |z| = sup(|z1, ..., |za]).

Consider a map f = (f1,...,fm): U = K™,

We call f differentiable at the point a € U if there is a K-linear map
T: K™ — K™ such that for each € > 0 in K we have |f(a+z)—(f(a)+T(z))| < €|z|
for all sufficiently small vectors z in K™. (Such a map is necessarily unique.)
Clearly f is differentiable at a iff each of the components f; is differentiable at
a; then the partial derivatives (8f;/9x;)(a) exist, these being defined by the
usual €& definition, with ¢ and 6 ranging over K. If f is differentiable at a,
then f is continuous at a, and the matrix of the linear map T as above rela-
tive to the standard bases is the m-by-n matrix ((8f;/0z;)(a)), which we call
the Jacobian matrix of f at a, and denote by 8(fi,---, fm)/8(z1,...,2s)(a).
We call f a C°-map if f is continuous, and inductively we define f to be a
C*tl.map (k > 0) if f is differentiable at each point @ € U and the map
a— 8(fi,...,fm)/0(z1,...,2,)(a): U — K™ is a C*-map. Note that if f
is CF*1 then f is C*. Finally, we call f a C®-map if f is a C*-map for all
k € N; in that case all partials of all orders of the f;’s exist and are continuous on
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U. (The converse is true for K = R.) We leave to the reader the statement and
(standard) proofs of the usual formal rules such as the chain rule for compositions
of C'-maps.

Assume now that the map f above is a C*°-map and let a € U.

We say that f is regular at a if the rank of the Jacobian matrix of f at a
equals min{m,n}. Otherwise (when the rank is less than min{m,n}) we call a
a critical point of f. We call b € K™ a regular value of f if f is regular at
every point z € U with f(z) = b. (In particular, all points b € K™\ f(U) are
regular values of f.) For b € K™ we put

Reg(f,b) := {z € f~1(b): f is regular at z}.

Given b= (by,...,br) € K™ we also talk about the system of equations
fi(z) =b
fm(x) = bm,

and we express z € Reg(f,b) also by saying that z is a regular solution of
the system. When b = (0,...,0) we also write V(f1,..., fm) or V(f) for the
zero set f~1(0) of f1,..., fm, and V™8(fy,..., fm) or V™8(f) for Reg(f,0), the
set of regular zeros of fi,..., fn. Often we have m = n (same number of
equations as unknowns) and then we denote the determinant of the Jacobian
matrix of f at a point' z € U by J(f)(z) or J(f1,..., f-)(x) and call this the
Jacobian of f at x; note that then f is regular at z if and only if J(f)(x) # 0.
(We remark that Wilkie writes V**(f;,..., fm) instead of V*8(fy,..., fn) and
speaks of nonsingular solutions instead of regular solutions.)

1.2 DEFINABILITY AND O-MINIMALITY. In this paper “definable in a struc-
ture” means “definable in the structure using constants from the un-
derlying set of the structure”, unless indicated otherwise. If A and B are
L-structures for the same language L, we write A C B to indicate that A is a
substructure of B. Terms in a given language are often used to denote the func-
tions they define in structures for that language, provided it is clear from context
which structure is intended, and which cartesian power of the underlying set of

the structure is the intended domain of definition of the function.
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A structure A = (A, <,...) with a distinguished linear order < on its under-
lying set A is called O-minimal if (A4, <) is dense without endpoints and each
subset of A that is definable in A is a finite union of intervals (e, b) and points,
where a, b € AU{—00,+00), a < b. Then every structure elementarily equivalent
to A is also O-minimal, cf. [K-P-8], and therefore we may (and shall) call the
complete theory Th(A) O-minimal.

Let R be an O-minimal expansion of the structure (R, <,0,1,—, +,-), and put
T := Th(R), an extension of RCF, the theory of ordered real closed fields. Then
T has definable Skolem functions, for the same reason that RCF has, cf. [vdD1].
Let K= T.

By definability of Skolem functions, the definable closure of any subset of K is
(the underlying set of) an elementary submodel of K. Moreover, the operation of
taking the definable closure (in K) of subsets of K is a closure operation satisfying
the Steinitz exchange property, cf. [P-S], and hence gives rise to a notion of rank.
In particular, given elementary submodels k; and ky of K with k; C k; we write
rk(kylk;) for the cardinality of any non-redundant set of generators of kg over
ki, “set of generators” to be taken in the sense of the definable closure operation,
and “non-redundant” meaning that each strictly smaller set has a strictly smaller
definable closure. (In the case T = RCF, this rank is just transcendence degree.)

Given a definable C*°-map f: K® — K" and a point be K" it follows from
the implicit function theorem that all points of Reg(f,b) C K™ are isolated in
Reg(f,b), and since Reg(f,b) is a definable set, O-minimality implies:

Reg(f, b) is finite, with a uniform finite bound on card(Reg(f, b)) as b ranges over
K™,

1.3 ORDERED FIELDS. Let K be an ordered field. We put Pos(K) := {z €
K: z > 0}. Given a subfield k of K we say that a € K is k-bounded if |a|] < b for
some b € Pos(k), and we say that a point (ay,...,a,) € K" is k-bounded if each
coordinate a; is k-bounded; the set of k-bounded elements of K is convex in K,
and hence a valuation ring of K. For k = Q = the prime field in K, we let Fin(K)
denote the ring of Q-bounded elements, as in [W2]. The valuation on K induced
by the valuation ring Fin(K) is denoted by ordy, or just ord if K is clear from
context, and its value group by ord(K). (This is a slight abuse of notation, since
ord(0) = oo is not included in ord(K).) When k is a subfield of K we identify
ord(k) with a subgroup of ord(K) in the usual way, and we consider ordi as an
extension of ord).. Note that if K is real closed, ord(K) is divisible, and hence a
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vector space over QQ in a natural way. For real closed K we also use the “euclidean

norm” ||z]| := (2% + -+ 22)Y2 for = (21,...,2,) € K™

1.4 SMOOTHNESS AND RATIONAL TYPE. Let R be an expansion of the ordered
field of reals and T := Th(R).
After Wilkie [W2] we call R (as well as T) smooth if the following three

conditions are satisfied:

(S1) R is O-minimal;

(S2) for each model K of T and each definable function f: K — K there is n € N
such that |f(z)| < z” for all sufficiently large z in K;

(S3) for each formula ¢(x) in the language of T,z= (x1,...,2n), there are m,
p € N and C*-functions F;: R**™ — R for i = 1,...,p, definable in R
without constants from R, such that

R k= Va(¢(z) = Iy(lyl < 1A \_/(Ni(y) A Fi(z,y) = 0))),

where y = (y1,...,¥m) and N;(y) is a conjunction of formulas y; # 0.
(In (S2) it suffices to consider K = R, and functions definable in R without using
real constants, but we shall not use this fact.)

We now have the following important result from Wilkie [W2]:

PROPOSITION: If T is smooth and K is a model of T of finite rank, then
(%) rk(K) > dimg(ord(K)).

Actually, smoothness seems mainly a technical condition that can be verified
in some concrete cases, and is then further only used via (*).

Let us say 7 is of rational type if T is O-minimal and every model K of finite
rank satisfies (x). We introduce this notion here because there may be ways
of verifying (*) other than via smoothness. (For example, RCF satisfies (*) by
simple valuation theory, and this is essential in Wilkie’s proof of “smooth” =
“rational type”.) We have the following result derived by Wilkie [W2] for smooth
T. His proof goes through unchanged for T of rational type.

PROPOSITION: Suppose T is of rational type, K | T and k is an elementary
submodel of K such that rk(K[k) is finite. Then rk(K|k) > dimg(ord(K)/ ord(k)).
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2. Ry, is smooth and R{X,m} is noetherian

2.1 For each f € R{X,m}, define the real analytic function f:R™ > R by

~

f(x1, . xm) = F(A+23)7, .., +22)7D,

and put
Ran = (Ra <0,1,—,+,, (f)fGR{X,m},mEN)‘

One checks easily that Ran is interdefinable, both existentially and universally,
with R,,, so model completeness and O-minimality of R,, implies that ]f&an is
model complete and O-minimal. We now use this interdefinability the other way
around:

2.2 LEMMA: R,, is smooth.

Proof: For the O-minimality condition (S1), see [vdD2], and for the polynomial
growth condition (S2), see [vdD2] and [W1]. It remains to show that R, satisfies
(83), and this is done along the lines of the argument in [W2] for the structure
R. := (R, <,0,1,+, —, -, &), where e(z) = exp((1+2?)~1): Work with R,, instead
of Ran, use that R.m is model complete, and that the functions f are C* on
their domain of definition R™. Introduce for each f € R{X,m} and subset s of
{1,...,m} the C*®-function f,: R™ — R by

fo(z1, . yzm) = f(2h, ..., 2h),

where z} = (14 22)~! for i ¢ s and «} = x7(1 + 2?)7! for i € 5. Note that then
fs is also definable in R,,, and that if z1,...,2, € R with x; # 0 for ¢ € s, then
f(yl,...,ym) = fo(Z1,...,ZTm), where y; =z, for i € 5, and y; = a:i‘l for i € s.

2.3 For later use we also note that the ring R{X,m} is noetherian. This
follows from the theorem of Frisch [F] that the ring C{X,m} consisting of all
f€C[Xy,...,Xm] such that f converges on a neighborhood of the closed poly-
disc ir C™ with center (0, ...,0) and polyradius (1,...,1) is noetherian, and the
fact that C{X, m} = R{X,m} @ i- R{X,m}.

Let R{X,m} be the (noetherian) ring of all functions f for f € R{X,m}. For
m > 1 the ring ]R{X ,m} does not contain the coordinate functions z;, nor is
R{X,m} closed under the operators 8/8z;, and so we adjoin the z;’s and note
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that R{X,m}[x1,...,Zn] is a noetherian ring of real analytic functions on R™,
closed under the operators 8/0z;.

3. Systems of C*°-rings and Hovanskii’s Theorem

3.1 DEFINITION. A system of C*-rings is a sequence R = (R, )men such
that for each m:

(1) R, is a ring of C*°-functions f: R™ — R under pointwise addition and
multiplication of functions;

(2) the coordinate functions z;: R™ — R belong to R,;

(3) for f € Ry, the function (z1,...,Zm, Tms1) — f(Z1,...,Zm): R7H - R
belongs to R,,41, and for each permutation s of {1,...,m} the function
(T1,Z2,- ., Tm) = f(Ts(1)s- -+ To(m)): R™ — R belongs to Ryy,;

(4) feR, = f/0r, € Ry, fori=1,...,m.

(Of course, in (3) it suffices to consider just permutations s = (z,7 + 1) with
1<i<m.)

To abbreviate, we just write “system” instead of “system of C°-rings”.

3.2 EXAMPLES.

1. (Z[z1,...,ZTm])meN is a system, and in an obvious sense the smallest pos-
sible system;

2. (R[z1,. . Zm])men Is a system;

3. (R{X,m}[z1,...,Zm])men is a system (see (2.3));

4. (Z[z1,. .., Tm,exp(Z1); - - ., €XP(Tm)])men IS a system;

5. (R[z1,. . Zm,exp(z1),...,exXp(Tm)])men 15 a system.

3.3 We say that the system 2% has the Hovanskii property {or, more briefly,
that R is an H-system) if for all m € N and fi,..., fn € R, there is a bound
H = H(f1,...,fm) € Nsuch that for all ¢ = (ay,...,am) € Rm we have

(x) card{z € R™: fi(z) = a1,..., fum(z) = @m, J(f1,-- -, fu)(z) # 0} < H.

To formulate this geometrically, consider a C*®-map f = (f1,..., fm): R™ —
R™ and a € R™. Then (x) above says that card(Reg(f,a)) < H.

If Reg(f,a) is finite then by the inverse function theorem there is a neighbor-
hood U of a such that card(Reg(f,a’)) > card(Reg(f,a)) for all a’ in U. Now by
Sard’s lemma such a neighborhood always contains regular values of f, hence in
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the definition of “Hovanskii property” it suffices to require the existence of the
bound H just for regular values a of the map f = (fy,..., fm), that is, for a in
R™ with Reg(f,a) = f~(a).

The 5 examples above have the Hovanskii property. For the first two this fol-
lows from Bezout’s theorem, or alternatively, one can apply the following simple
observation to the ordered field of reals:

Observation: If R is a system such that all functions from fR are definable in a
fixed O-minimal expansion R of the ordered field of reals, then R is an H. -system.
(See end of (1.2).) |

That the third example has the H-property follows from this observation by
noting that all functions of R{X ym}[z1,...,Zm) are definable in the O-minimal
structure Rgp,.

That the last two examples have the H-property follows from Hovanskii’s the-
orem 1 in [H]. We will extend Hovanskii’s theorem to a method for adjoining new
functions to an H-system to get a larger H-system.

3.4 Let R be a system. We say that the C*°-functions fy,...,fi: R* —» R
form a Pfaffian chain on R" over R (or a (P,fR)-chain on R*) if for each

Jj =1,...,k there are functions p;; € R, ;, for i = 1,...,n, such that
(8f]/8x,)(x) = pij(x, fl(.’l}), ey f](.’L‘)) on R".

We call k the length of the chain.

3.5 Let R be a system and let C*°-functions fy,..., fr: R* — R be given, not
necessarily in R,,. We let R, (fi,..., fx) consist of all functions of the form

z — p(z, fi(z),..., f(z)): R* = R, where p € R, k.

So Rn(f1,..., fx) is a ring of C*°-functions on R", and is the image of R,
under the ring homomorphism p — (z — p(z, fi(z), ..., fr(z))) from R, into
the ring of all C*°-functions on R™. In particular, if R,y is noetherian, so is
R, (f1,..., fr). Note that fi,..., fi is a (P, R)-chain precisely when the partials
8f;/0z; belong to R, (f1,...,f;), for each j = 1,...,k, and that in that case
Rn{f1,- .-, fx) is closed under the operators 8/0z;.
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3.6 PROPOSITION: Let R be an H-system, and f1,..., fx a (P,R)-chain on R*
of length k. Then, given any n functions gy, ..., g, in R, {(f1, ..., fx) defining the
map g = (g1,--.,9n): R* — R there is an integer M such that

card(Reg(g,a)) < M foralla e R™.

Remark: This is proved just like theorem 1 in [H], with minor modifications.
For the reader’s convenience we repeat the argument.

Proof: By induction on k. For k = 0 this is just the hypothesis that R is an H-
system. Let & > 0, and let ¢ = (g1,...,9x): R* — R™ with g; € R, {f1,.--, f&)-
Write g;(x) = hi(z, fi(z),..., fe(z)) with h; € R,yk. Given a = (ay,...,a,) €
R™ we replace the system of equations gi1(z) = aj,...,g.(2) = a, by the
equivalent system Fj(z,v) = ay,...... ,Folz,v) = apn, G(z,v) = 0, where
Fi,...,F,,G: R**!1 — R are defined by Fi(z,v) = hi(z, fi(z),..., fem1(z),v),
G(z,v) = fr(z)—v. Note that Fy, ..., F, € Repy {(f1,-.., fe—1); here f1,..., fe—1
are considered as functions on R**! that do not depend on the last variable v. Put
F = (Fy,...,F,): R**! — R" and note that  ~ (z, fi(z)): R* — R**! maps
g~ !(a) bijectively onto (F,G)~!(a,0), and Reg(g,a) onto Reg((F,G),((a,0)).
Hence,
card(Reg(g, a)) = card(Reg((F, G), (a, 0)).

The partial derivatives of the F;’s belong to R.4; (f1,-.., fe—1), and on the hy-
persurface G(z,v) = 0 in R™*! the partial derivatives of G are also given by
functions in R, 41 (f1,. .., fk—1), since on this surface we have fi(x) = v. There-
fore there is a function J € Rn+1 (f1,---, fr—1) such that on this hypersurface
we have J(z,v) = the Jacobian determinant of (F,G) at (z,v). By the inductive
hypothesis there is a bound N € N such that card(Reg((F, J), (a,7))) < N for all
(a,7) € R**!. In this situation theorem 2’ from [H] implies: if ¢ € N is a bound
for the number of non-compact connected components of the curve F~1(a), for
every regular value a of F, then card(Reg((F, G),(a,0)) < N + ¢ for all a € R™.
So we are done if we establish the existence of the bound ¢. For this, one uses
again the inductive hypothesis and the fact that the number of non-compact con-
nected components of a curve F~!(a) (a € R" a regular value of F) is at most

the maximal number of transversal intersections of F~!(a) with hyperplanes in
Rn+1 . B

We will not actually use this proposition until section 5, but it helps to motivate
the following step towards proving model completeness of certain expansions
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of the ordered field of reals, which is due to Wilkie for expansions by Pfaffian
functions. We adapt it here to our context, which includes the case (R,,,exp).

3.7 Let R be a system. Let L(R) be the language {<,0,1,+, —,-} of ordered
rings augmented by an n-ary function symbol f for each f € R,, and each
n € N. We interpret this symbol f as the corresponding function f on R
and obtain in this way an expansion of the ordered field of real numbers whose
complete theory we denote by Tg. If we further extend L(9R) by a unary function
symbol exp to get the language L(fR, exp), and interpret this symbol as the usual
exponential function on R, then we denote the complete L(fR,exp)-theory of
the corresponding expansion of the ordered field of reals by Tigexp. Note that
exp is a (P,9)-chain of length 1 on R. More generally, given any functions
fi,o. o, fu: R = R, we extend L(R) by new n-ary function symbols f,..., fi
to get the language L(fR, f1,..., fx), and the complete theory of the resulting
L(R, f1,..., fr)-expansion of R is denoted by T f,,... s,. Given a model K of
T f,,...5. Welet L(R, f1,..., fr,K) be the language L(%R, fi,..., fx) augmented
by constants for the elements of K.

Let R, [exp(z1),...,exp(z,)] be the subring of the ring of C*°-functions on R*
generated by exp(x),...,exp(z,) over R,. Note that R,[exp(z1),...,exp(z,)]
is closed under the operators 8/0x;.

Let K = T exp-

By writing each f € R, [exp(x1),...,exp(x,)] as a polynomial in the exp(z;)
over R,, we can associate to each such f a definable C*°-function fi: K" — K,
and this function fx does not depend on the particular way of representing f
as a polynomial in the exp(z;) over R,; the map f — fi is an injective ring
homomorphism from R, [exp(z1),...,exp(z,)] into the ring of all C*°-functions
on K™, and this map satisfies also (8 f/9dz;)x = 0fk/dx;. Hence there is no harm
in leaving out the subscript K in fy and considering R, [exp(z1),...,exp(zn)]
also as a ring of functions on K". Given c;,..., ¢, € K, we denote by

R, [exp(z1), .- .,exp(Tn), €1y - - ) ¢

the ring of C*°-functions on K™ generated by the constant functions cy,...,c,
over R, [exp(z1),...,exp(zn)]. Note that R,[exp(z1),...,exp(zy,),ci,...,¢] i8
then also closed under the operations &/0z;, and is noetherian if R, is.

Call R noetherian if each ring R, is noetherian. (The five examples at the

beginning of this section are all noetherian.)
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We now have the following variant of lemma 2.7 in [W1]:

3.8 LEMMA: Let R be noetherian and k, K |2 T exp With k C K. Let
t1(z1, s Zm)s e te(T1, o )

be LR, exp, k)-terms such that the system

(%) ti(zy, . ) = - =te(21, ., Zm) =0

has a solution in K™. Then there exist f1,..., fn € Rnalexp(z1),...,exp(z,)] and
b1,...,b, € k for some n > m such that the system of equations

fl(-rh"-axn) = bl

fn(xla o '7$n) =bn

has a regular solution (ay, . ..,a,) € K" with (aj,...,an) a solution of (x).
Proof: 1If a term ¢;(zy,...,&n) is of the form ¢(z1,...,Zm,T{Z1,...,Tm)) for
“simpler” L(fR,exp, k)-terms ¢(z1,...,Zm,Zmy1) and 7{x1,..., Ty ), We can re-
place the equation #;(zy,...,Z») = 0 in (x) by the two equations

(1, s Tmy Tmy1) =0

T(.Z‘l, . .,xm) — Tyl = 0

By unravelling the terms ¢, in this way and increasing m we may reduce to the
case that all ¢; define functions on K™ from R, [exp(z1),...,exp(Zm),c1,- - ., Cr]
for certain ¢),...,c, € k. Since this ring is noetherian and closed under the
operations 8/9x; we can apply Theorem 5.1 from [W1] and conclude there are

915> 9m € Rmlexp(z1), ..., exp(@m)s 1y - -+, Cr)

such that V(¢y,...,tx)NV™8(gy, ..., gm) is non-empty. By replacing ¢i,...,¢, in
the terms representing the g’s by new variables z,,41, ..., Zm 4, we obtain func-
tions f1,..., fm € Rulexp(z1),...,exp(zn)] on K™ for n = m +r. Put foq1 :=
Tm4ly--os Smgr = Tmgr, b1 = -+ = by := 0 and by := €1, .., bingr == Cp,
and we have functions fy,..., f, and elements b1,...,b, with the desired prop-
erty. |

This lemma has (by Robinson’s test) the following consequence.
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3.9 LEMMA: Suppose R is noetherian. Then T exp is model complete if for
all models k and K of Twexp with k C K and every n functions fi,...,f. €
R, lexp(z1), . ..,exp(zn,)| and every n elements b, ...,b, € k, every regular so-
lution in K™ of the system of equations

fl(.’l,‘l, .. .,iL‘n) = bl

fn(xl’ .. '7xn) = bn
belongs to k™.

This lemma reduces the problem of proving model completeness of Ty exp to

more managable proportions.

4. Bounding Regular Solutions

4.1 An ordered exponential field is here a pair (K, exp) with K an ordered
field and exp: K — Pos(K) a strictly increasing isomorphism from the additive
group of K onto the multiplicative group Pos(K), such that in addition exp(1) €
Fin(K) and there is for each n € N an E(n) € N such that exp(z) > z" for
all z > E(n). When dealing with R the symbol exp will always denote the
usual exponential function x — e*, but note that for any real number a > 1

the function x — a® makes R into an ordered exponential field in the sense just
defined.

For the rest of this section we fix an ordered exponential field (K, exp).

Observe that Pos(K) is a divisible group, hence ord(K) is a divisible group.
We may therefore consider ord(K) as a Q-linear space. Note also that the map
x — ord(exp(x)): K — ord(K) is Q-linear with kernel Fin(K).

4.2 'We now give an algebraic version of a lemma due to Wilkie [W2]. Consider
subfields k and k* of K such that
(i) k € k* and Pos(k*) is a divisible group,
(i) exp(k) = Pos(k),
(ili) exp(x) € k* for all z € k* with |z| < 1.
For each a € k*, exp(a) is an element of K that may or may not lie in k*.

Put L(k*) := {a € k*: exp(a) € k*}, a Q-linear subspace of k* containing k and
Fin(k*). Also ord(k) and ord(k*) are Q-linear spaces.
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4.3 LEMMA:
(i) The Q-linear map a — ord(exp(a)): L(k*) — ord(k*) has kernel Fin(k*)

and induces on residue classes an injective Q-linear map
L(k*)/(k + Fin(k*)) — ord(k*)/ ord(k).

In particular, dimg(L(k*)/(k + Fin(k*))) < dimg(ord(k*)/ ord(k)).
(ii) If dimg(ord(k*)/ord(k)) < oo and L{k*) contains an element that is not
k-bounded, then dimg(L(k*)/(k + Fin(k*))) < dimg(ord(k*)/ ord(k)).

Proof (Identical to the proof of lemma 4.2 in [W2]): Let U := k + Fin(k*). To
prove (i), let a € L(k*) and assume that ord(exp(a)) € ord(k). Hence there is
non-zero ¢ € k such that ord(exp(a)) = ord(c). We may assume ¢ > 0, and take
d € k with exp(d) = ¢!, so that N~ < exp(d+a) < N for some positive integer
N, hence d + a € Fin(k*), so a € k + Fin(k*).

For (ii), assume m := dimg(ord(k*)/ord(k)) < oo, that L(k*) contains an
element that is not k-bounded, and that dimg(L(k*)/U) = m. We shall derive
a contradiction. Choose positive elements a; < -+ < an, in L(k*) such that
a1+U,...;am + U is a basis of L(k*)/U, and such that for each v € L(k*) with
v>U,ifv=qa+ - +gmam+u, (g € Q, u € U), then v > ga; for some positive
rational ¢, where j = max{i: ¢; # 0}. Note that exp(a;),...,exp(an) € k*. By
part (i) the elements ord(exp(ai)),...,ord(exp(a)) span ord(k*) over ord(k),
so if j is minimal with the property that a; > k, there are ¢y,...,¢m € Q such
that ord(exp(giai + -+ + gmam)) = ord(a;) + ord(c) for some non-zero ¢ € k.
As before this gives d € k with ord(exp(d + g1a1 + -+ - + gmam)) = ord(a;), so
a;j/N < exp(d+qia1 + - + gmam) < Na; for some positive integer N. The left
hand inequality implies d + qia; + - - 4+ gmam > Kk, since a; > k and k is closed
under the monotone increasing function exp. Thus ¢; # 0 for some i € {j,...,m}.
By the choice of the basis a1, .. ., @, this implies d+g1a; +- - - + gmam > ga; for
some positive rational g. But then exp(d+qia1+: -+ ¢mam) > exp(ga;) > Na;,
contradicting the right hand inequality above. 1

4.4 ASSUMPTIONS IN PROPOSITION (4.5). Let an H-system R be given such
that
(1) R, contains the function z — (1 + z2)~1: R — R, as well as the function
e: R — R, where e(z) = exp((1 + z2)71);
(i) Tw is of rational type (for example smooth).
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Let also K have extra structure so that K = T; in particular the function
e € R; has an interpretation eg: K — K, and more generally each function
g € Ry has an interpretation as a C*°-function gg: KN — K. We assume further
that the exponential map exp on K satisfies exp((1+z?)™!) = ex(x) for all z € K.
(These condition are all satisfied if (K, exp) = T exp-)

Note that then exp is a C°-function on K with exp’(z) = exp(z) for all z. In
the following we shall drop the subscript K in gk for g in R.

We finally assume k is an elementary substructure of the Tr-model K such that
exp(k) = Pos(k). Under these assumptions we have:

4.5 PROPOSITION: Let t1(z,y),-..,tn{(x,y) be L(R, k)-terms, = (z1,...,Zy)
and y = (Y1,...,Ym), m < n, and let a = (ay,...,a,) € K* be a regular solution

of the system of C*-equations

ti(z,exp(xy),...,exp(zm)) =0

tn(x,exp(z1),...,exp(xm)) =0
Then ay,...,a, are k-bounded.

Remark: Only the case m = n is relevant, but the particular induction in the

proof suggests the formulation with m < n.

Proof: By induction on m. For m = 0 there is nothing to prove. Assume m > 0

and put an4; :=exp(a;) for j =1,...,m and @ := (a1,...,0n,8ny1,-- -, Cnim),
Z:=(T1,-.-,ZTnsTn4ls--->&ntm), SO @ is a regular solution of the system
t:(8) =0 (i=1,...,n)

exp(Z;) — Tnt; =0 (F=1,...,m).

(From now on the index ¢ runs over {1,...,n} and j over {1,...,m}.)
Take S C {1,...,n + m} with card(S) = n such that the n-by-n matrix

((0ti/0z5)(@))1<ign, ses

is nonsingular. Let k* be the elementary substructure of the Tz-model K gener-
ated over k by the a, for s € {1,...,n+m}\S. Then (as)s¢cs is a regular solution
of the system

pi(zy=0 (i=1,...,n)



Vol. 85, 1994 REAL EXPONENTIAL FIELD 35

where =’ = (z;)5e¢s and p;(z’) is the L(R, k*)-term obtained by substituting a;
for z, in ¢;(Z) for s € {1,...,n+m}\S. Since T is O-minimal the p-system can
have only finitely many regular solutions in K", and because k* is an elementary
substructure of K this implies a, € k* for s € S as well. Suppose some a; with
1 < j < m is not k-bounded, say |a;| > k. We will derive a contradiction. Since
exp(a1) = anyi,---,€Xp(am) = anym lie in k*; we have ay,...,a,, € L(k*).
Hence by the previous lemma and the assumption that Ti is of rational type we
get:
ai,...,am are Qlinearly dependent over k + Fin(k*).

So there are integers k(1),. .., k(m), not all zero, and ¢ € k, such that
c+k(l)ay + - - -+ k(m)an € Fin(k*).

Since |ai| > k, some k(j) with 2 < j < m is nonzero. To simplify notation we
may as well assume that k(m) # 0, m > 1. Taking negatives and changing ¢ if
necessary we may even assume:

k(m)>0and 0 < c+k(l)ay + -+ k(m)am < 1.

Take d € k* such that c+3_ k(j)a; = (1+d?)~'. Note that d # 0. Exponentiating
this relation and rearranging gives:

exp(c H exp(a;)*9)) - exp(am ) ™ — e(d) = 0.

j<m
Now consider the following system H(z1,...,Zn, Tnt1, Tntz) of (R+2) equations
over k:
ti(x1, ..y Tn,exp(T1), ..., eXD(Tm_1), Zns1) =0 (1 <i<n)

+Zk fe;)—(1+22,,)" =0

exp(c H exp(z;)*0)) ( 1) ~ e(ZTnyo) = 0.
i<m

Clearly (ai,...,an,exp(am),d) is a solution of this system. Let hy,...,h,,
hns1, Bnyo: K72 — K be the definable C°°-functions on the left hand side of
this system H, in particular, for (z1,...,2p42) € K"*2and 1 <i < n:

hi(z1, .. Tpn, eXP(Tm ), Tnt2) = ti(T1,. - ., Tn,exp(Z1), .- ., exp(Tm)),

hn+l(x1a"'7zn+2 C+Zk 1‘] 1+xn+2)~1a

Bny2(21, ..., Zny2) = exp(c Hexp )FE)) k(m) —e(Tn42).
j<m
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Let A := exp(c)-[] exp(a;)*9) and B := 2d/(1+d?)?, and note that A = e(d). A
routine computation using these formulas, row and column operations, and row

expansion by the last two rows of the Jacobian matrix shows:
J(h,. .., hni2)(a,explam),d) = —k(m) - A B - exp(—am) - J(p1, ..., pn)(a),

where a = (a1,...,8,) and p;(zy,...,2,) = t;(x,exp(zx1),...,exp{xn)). Thus,
this Jacobian determinant is non-zero. Hence (ay, ..., a,, exp(an), d) is a regular
solution of the system H, whose equations do not involve exp(z,,). However, we
cannot apply the inductive hypothesis yet, since some k(j) might be negative,
in which case h,42 might not be of the required form. But multiplying h,42 by
(IT;<m exp(z;))P for a suitable p > 0 we obtain a new equation giving rise to an
equivalent system to which we can apply the inductive hypothesis to conclude
that aq,...,a,-1 are k-bounded, contradicting the assumption |a;| > k. This
finishes the proof. |

4.6 REMARKS. (1) Note that the hypotheses in (4.4) are satisfied by the system
R = (R{X,m}[z1,...,Zm]),

and any pair of models (K,exp), (k,expy) of Ti exp with (k,expy) C (K, exp).
This is the case that is of interest in connection with proving model completeness
of (Ran, €Xp).-

(2) Proposition (4.5) corresponds to section 2 in [W2], and most of the proof is
along the same lines. However, the hypotheses of (4.5) are weaker than in [W2],
since we do not assume that (K,exp) and (k, exp k) are models of Ty exp- The
last part of our proof is accordingly different and does not depend on Hovanskii’s
theorem or results in {W1], unlike the proof in [W2].

5. Substitution, O-Minimality and Finite Model Completeness

In this section we show how to enlarge an H-system by functions of a Pfaffian
chain to a “substitution closed” H-system. Under an additional noetherianity
assumption on the original system we can then show that zero sets of functions
defined by terms have only finitely many connected components, see (5.10). We
use this to derive O-minimality from model completeness in (5.11). We also show
that under certain conditions model completeness implies finite model complete-
ness; see (5.14).
Let R be a system.
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5.1 We say that R is substitution closed if for all f € R, and ¢1,...,g. €
R, we have f(g1,...,9n) € Rm. The first two examples of (3.2) are substitution
closed, the last three are not.

5.2 Using induction on terms and the chain rule one easily shows that the
functions f: R™ — R defined by L(R)-terms t(zy,...,Zm), (m = 0,1,2,...),
form a system that contains 2R and is substitution closed; it is the smallest such
system. We call it the substitution closure of R and denote it by R®.

5.3 LEMMA: Let L(R)-terms t1(y),...,tx(y) be given, y = (y1,...,yn).- Then
there are L(R)-terms 11(y), ..., Tw(y) and functions fy, ..., feqn in Rnyn such
that the map y — (y,71(y),---, 7~ (¥)): R* — R**N maps V(t,,...,t) bijec-
tively onto V{(f1,..., feen), and V™8(ty, ... t;) onto VEB(fy1, ..., fean)-

Proof: If all terms t;(y) define functions in R,, we can take N = 0 and let f; be
the function defined by ¢;(y). If, say, tx(y) is of the form t(y, 7(y)) with simpler
L(R)-terms t(y, z) and 7{y), z an extra variable, then the system of k equations
ti(y) = -+ = te(y) = 0 is equivalent to the system of k + 1 equations #;(y) =
o= te1(y) =y, 2) = 7(y) — 2 = 0: the map y — (y,7(y)): R* — R**! maps
the solution set of the first system bijectively onto the solution set of the second
system, with regular solutions corresponding to regular solutions. Unravelling
terms in this way and introducing extra variables we construct in a finite number
of steps the desired terms and functions. |

5.4 PROPOSITION: Let L(R)-terms ti(z,y),...,tn(x,y) be given, where r =

(z1,...,Zm) and y = (y1,...,Yn). Then there are terms my(z,y),...,7n(z,y)
from L(R) and a map g = (91,-- -, Gmansn): RPN 5 RN with all
gi € Rinyn+n such that for each a € R™ the map

Yy (aa Y, 7'1((1, y)) vy TN(aa y)) Rn - Rm+n+N
maps V(t1(a,y),...,ta(a,y)) bijectively onto g~1(a,0,0), and maps

V%(t1(a,9); - -, ta(a,y)) onto Reg(g, (a,0,0)).

Proof: By the lemma there are L(R)-terms 71(z,y),...,7~(z,y) and functions
fis- oy faeN € Rinpnen such that the map

(x7y) — ((9’3,1/»7'1(13,31), sy TN(I, y)) Rm+n - Rm+n+N
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maps V(t1,...,t,) bijectively onto V(fi,..., fasn), and V™E(t1,...,t,) onto
V*&(fi,..., fntn). The way these terms 7; and functions f; are obtained in
the proof of the lemma also shows that for each fixed a € R™ the map y +
(v, 1(a,9),-..,7n(a,y)): R — RN maps V™8(t1(a,y),...,t.(a,y)) bijec-
tively onto V™8(f1(a,y,2),..., faxn(a,y, z)). Thus for fixed a € R™ the system

of equations t1(a,y) = -+ = tu(a,y) = 0 is, in this sense, equivalent to the
system fi(a,y,2) = --- = fasn(a,y,2) = 0, which in turn is equivalent to the
system Ty = a1,...,Tm = Qm, f1(2,¥,2) = -+ = fayn(z,¥,2) = 0. Now define
9i € Rmynyn by gi=aifor 1 <i<m, guy; = fijfor 1 <3 <n+ N, and let
g:= (91, -+, Gmantn): RPFHN , RM+7+N  Then one easily verifies the claim
in the proposition. n

5.5 COROLLARY: Suppose R is an H-system. Then R® is also an H-system:

given any L(R)-terms t1(z,y),....tn(2,¥), 2 = (Z1,.- ,Zm), ¥ = (W1,--,Yn),
there is a bound H € N such that for all a € R™ we have

card(V™¥(t1(a, ), - -, tn(a,9))) < H.

5.6 PROPOSITION: Suppose the system ‘R is substitution closed and fi,..., fx
is a (P,MR)- chain on R*. Let t(x) withx = (x1,...,2m) be an L(R, f1,..., fr)-
term, defining the function t: R™ — R. Then there is a (P,R)-chain F,..., Fx
on R™, such that t € R, (Fy,...,Fx) and each function F; is defined by an
L(R, f1,-.., fr)-term.

Proof: By induction on complexity of the term ¢(x). If ¢(x) is a constant (given
by an element of Rg) or one of the variables x;, we can take K = 0. If the
desired result holds for terms ¢,(x) and #2(z), then also for t;(z) + t2(z) and
ti{z) - t2(x), using the fact that if Fy,..., Fx and Gy,...,G are (P, R)-chains
on R™, then Fi,...,Fg,Gy,...,GL is a (P,R)-chain on R™. Let now t(z) be
f(ri(z), ..., 7m(x)) with f € Ry and L(R, f1,. .., fi)-terms 7i(z), ..., 7a(2),
and assume inductively that we have a (P, R)-chain Fy,..., Fx on R™ such that
Tiye ooy T € R (F1, ..., Fk), where 7; is the function on R™ defined by the term
7;(x). Take functions pi,...,pym in R4k such that 7;(z) = pi(z, F(x)) for all
t € R™ where F(z) = (Fi(x),..., Fk(z)) € RX. Then

t(x) = f(p1(z, F(x)),...,pm(z, F(z))) for all x in R™,

and since %R is substitution closed this gives t € R (F1,..., Fx).
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Finally, let ¢(z) be a term f(ri(z),...,7m(z)) as before, except that instead
of f € Ry we assume f is one of the function symbols f;, j € {1,...,k} and
M = n. We also make the same inductive assumption and use the same notations
as in the previous case, so Fy,...,Fx and py,...,p, and F(z) are as explained
above. We also put 7(z) := (11(x),...,7T.(x)) € R” for x € R™, and introduce
functions g1,..., g% on R™ by g;(z) := f;(7(x)), so the function ¢ occurs among
g1, . .-, gk- Hence it suffices to establish the following claim:

CramM: Fy,...,Fk, g1,...,9x is a (P,R)-chain on R™. To see this, let h,; €

Rn4; be such that (0f;/0y-)(y) = hrj(y, fr(y),..., f;(y)) on R*, j =1,...,k,
r=1,...,n, so that

(8g;/0x:) () = 3 (8f;/8y,)(7(x)) - (07 /O )(x)
=Y hei(1(z), 1), - .., 95(2)) - (877/0:) ()

= Gij(x>F(x)7gl(z)7 o 7gJ('r)) on Rm,

for some Gi; € Rtk 4, using the inductive assumption on 7y,...,7, and the
assumption that fR is substitution closed. |

5.7 Let fi,..., fx be a (P,R)-chain on R".

Clearly the functions on R™, (m = 0,1,2,...), defined by L(R, f1,-.., fr)-
terms form a substitution closed system; we denote it by R(f1,..., fx)*. From
propositions (5.5), (5.6) and (3.6) we deduce:

5.8 COROLLARY: If R is an H-system, so is R(f1,..., fx)*.

Next a differential-topological result whose proof follows Wilkie’s elegant proof
of a theorem of Hovanskii; cf. Proposition 5.3 from [W1].

5.9 PROPOSITION: Let x1,...,Zm,¥1,---,Yn denote the usual coordinate func-
tions on R™*" | and let R be a noetherian ring of C*-functions on R™t" con-
taining the y; and closed under the operators 8/0y; for j = 1,...,n. Suppose
also that for all fi,..., fn € R there is a bound H € N such that for all a € R™
we have card(V*™8(f,)) < H, where f,: R* — R" is given by

faly) = (fl(a" Y)s- -5 fnla, ).

Then there is for each function g € R a bound N(g) € N such that for all a € R™
the set {y € R™: g{a,y) = 0} has at most N{g) components.
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Remark: Following [W1] we define a component of a topological space Y to
be a closed-and-open subset of Y. The components of Y clearly form a boolean
algebra of subsets of Y. Note that an atom of this boolean algebra is necessarily
connected. Therefore, if Y has only finitely many components, then the atoms
of this boolean algebra are exactly the connected components of ¥ in the usual
sense of “connected component”, so Y has then only finitely many connected

components.

Proof: Let g € R and suppose there is no such bound N{g). Then there is
for each j € N a point a; € R™ such that the subset {y € R": g(a;,y) = 0} of
R™ has pairwise disjoint components Cyj, . .., C;;. Let L be the extension of the
language L of ordered rings obtained by including a function symbol f for each
function f € R, a unary relation symbol for the subset N of R, an (m + 1)-place
relation symbol for the relation {(j,a;): 7 € N}, and an (n + 2)-place relation
symbol for the relation {(3,5,3): y € Cij, 0 < i < j, j € N}. Let R be the
corresponding expansion of the ordered field of real numbers and let K be a ¢*t-
saturated elementary extension of ]R, where ¢ is the cardinality of the continuum.
Take a nonstandard natural number k in K, that is, k¥ > n for all n € N and
K E “k € N°. Then (the K-interpretation of) each C; with i < k and K |
“ € N’ is a nonempty open-and-closed subset of Y := {y € K": g(ax,y) = 0},
in particular C;;, is also closed in K™, Let M be the ring of all functions y —
f(ag,y): K* = K, for f € R, where of course f is interpreted here as a function on
K™+7 Then M is a ring of K-definable C'-functions from K™ to K, M contains
the coordinate functions yi,...,¥» on K”, and M is closed under the operators
0/dy; for j = 1,...,n. Moreover, M is noetherian since it is a homomorphic
image of the noetherian ring R. This means we can apply theorem 5.1 from
[W1]: for each i < k with K | “¢ € N’ there are f;1,..., fin € M such that
CirNV™8(f,..., fin) # 0. But there are at most continuum many possibilities
for fi1,..., fin, while there are more than continuum many (pairwise disjoint)
sets C;x. This gives a contradiction since by the hypothesis of the proposition
each set V™8(f;y,..., fin) is finite. ]

5.10 COROLLARY: Let R be a noetherian H-system and let fi,...,fr be a
(P,R)-chain on R*. Let t1(z,y),...,t-(2,y) be L(R, f1,..., fr)-terms, where
z=(x1,-..,2Mm), Yy = (y1,.-.,y~n). Then thereis a bound B = B(ty,...,t;) €N
such that for each a € RM the set V,(t1,...,t;,) := {y € RV: ti(a,y) = --- =
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t-(a,y) = 0} has at most B components.

Proof: If some t; is of the form ¢(z,y,7(z,y)) for “simpler” L(fR, fi,..., fr)-
terms t(x,y, yn+1) and 7(z, y), then we can replace the single equation ¢;(x,y) =
0 by the two equations t(x,y, yn+1) = 7(2,y) — yv+1 = 0, and increase N and
r by 1. Continuing to unravel terms in this way and increasing N and r (keep-
ing M fixed) we may reduce to the case that for each ¢ = 1,...,r the term
t:(z,y) defines either a function on RM+V that belongs to Rysin, or t;(z,y)
is of the form f;(21,...,20) — zay1 where 1 < j < k and z1,..., 2n, 2741 are
distinct variables among x1,...,Za,¥1,...,yN. The function on R¥+VN de-
fined by such a term f;(z1,...,2,) is easily seen to belong to a (P,R)-chain
on RM+N_ By concatenating these (P,R)-chains we obtain a single (P, R)-chain
g1,--.,g1 on RM*N guch that each term t;(z,y) defines a function on RM+N
that belongs to Raryn (g1,...,91). Since the system R is noetherian, the ring
Rum+n (g1,...,91) is noetherian and closed under the operators 8/8y;. More-
over, the system R (g1,...,:)° is an H-system by (5.8), so that by corollary
(5.5) the hypothesis of (5.9) is satisfied by the ring Raryn (91, ---,9:)- Then the
conclusion of (5.9) applied to the sum of squares of t,...,¢. gives the desired
result. |

5.11 COROLLARY: Let R be a noetherian H-system and f, ..., fr a (P,R)-chain
on R™. Then we have:

(i) Given an existential L(R, f1,..., fx)-formula ¢(zy,...,Tm,Tmy1) there
is a bound C = C(¢) € N such that for all r,...,7,, € R the set
&(r1,-.-,Tm,R) C R is a union of at most C intervals and C points.

(ii) If Twy,,....5, is model complete, then Tw 7, ... s, is O-minimal.

Part (i) extends Cor. 5.4 of [W1] and is an easy consequence of the previous
corollary. Part (ii) is immediate from (i).

5.12 FINITE MODEL COMPLETENESS. Let R be a noetherian system and f,

-+» fr a (P,R)-chain on R™. Let ¢(z) be an existential L(fR, f1,. .., fr)-formula,
x = (z1,...,Tn). Introducing extra existentially quantified variables and arguing
as in the proof of (5.10) one obtains an equivalence:

Twy,..o 5o B d(2) & Fy(f(z,y) = 0),

where y = (y1,...,yn), for some f € Ryrin (91,--., ) and certain gy,...,q
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forming a (P,R)-chain on RM+¥ such that each function g; is defined by a term
gi(z,y) from L(R, f1,..., fr). With such f and g4, ..., g; we have:

5.13 LEMMA: There are finitely many N-tuples hy = (h11,...,hin),..., hy =
(hsiy. ., han) with hjr € Rayren (91, -+, 91) such that
I fryfi Ely(f(xvy) =0) «
Fy(f(z,9)=0A \/ (hj(z,y) =0 A det(0h;/dy)(z,y) # 0)),
1<5<J
where (0h;/dy) is the N-by-N Jacobian matrix (Ohj,/0ys)1<rs<N-
Proof: Let K= Tw, .., and a = (a1,...,apm) € KM,

Given h € Rpren (91,-..,91), let hg: KN — K be given by h,(b) = h(a,b). Let
R, be the ring of all such functions h,, so R, is a noetherian ring of definable
C>-functions on KV containing the coordinate functions yi,...,y~ and closed
under the operators 3/dys,.

Hence, if K |= Jy(f(a,y) = 0), it follows from Theorem 5.1 of [W1] that there
are hy,...,hy € Rpnv (91, - -, 91) such that

K= 3y(fa,y) = 0Ahy(a,y) = --- = hn(a,y) = 0 A det((9h,/ys)(a,y)) # 0).
Since this is true for all models K of T y,, s, and all a € KV the desired

conclusion follows by a standard compactness argument. 1

5.14 COROLLARY: Let R be a noetherian H-system and fy, ..., fr a (P,fR)-chain
on R*. If T g, ,....5, is model complete, then it is finitely model complete.

Proof: Given an existential formula ¢(z) with z = (x1,...,zpm), let f,01,...,q
be as in (5.12) and take N-tuples hy,...,hy € (Rpan (91,-.-,9))" for which
we have an equivalence as in the lemma. By (5.10) there is a bound B € N,
B > 1, such that for each K |= T 4,,....5, and a € KM we have

card | |J V™5(hja) | < B,
1<)

where hj, denotes the N-tuple (hjia,...,hjNa) of C*°-functions on K. Using
this fact one easily constructs a quantifier free formula 6(zx, y), such that

meflruyfk F (]5(17) « 3y0(x,y),
and
T, fy,..50 F 35By0(z,y). W
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6. Proof that (R,,,exp) is model complete

6.1 The lemmas in this section are straight forward extensions of results in
section 6 and 7 of [W1], and for proofs we can mostly refer to [W1]. We use

similar notations to facilitate comparison.
We fix a noetherian H-system R and a (P, R)-chain F,..., F; on R™.

6.2 LEMMA: Let K =T, 5, let 7 > 2 and let g1,...,g.: K” — K be given
by L(R, Fy, ..., F}, K)-terms. Put

Vi={PeK:gy(P)=" = g_,(P) =0},

and suppose that det(d(g1,. .., 9r-1)/0(z2,...,2,))(P) # 0 for all P € V. Then
there is a finite set & of pairs (I, ¢) such that:
(i) The first component I of each pair (I, ¢) € & is an open interval in X and
the second component ¢: I — K"~! is a definable C*°-map.
(i) For each (I,¢) € 6, if sup(I) € K, then ||¢(z)|| — o as z — sup(I), and
similarly if inf(I) € K.
(iii) V is the disjoint union of the graphs I'(¢) for (I, ¢) € &.

Proof: See the proof of Theorem 6.2 in [W1]. ]

Besides the originally given (P, R)-chain Fy,..., F} it is useful to consider also
related (P,fR)-chains:

6.3 DEFINITION. An (n,r)-sequence (relative to (R, F1,..., F;)) is a sequence
o=(01,...,00) of L(R, Fy, ..., F})-terms whose variables are among z, ..., Z,,
such that the functions fi,...,fu: R© — R defined by o1,...,0, respectively
form a (P, R)-chain on R". (This notion of (n, r)-sequence is related to Wilkie’s.)
Clearly an (n, r)-sequence is also an (n, s)-sequence for each s > r.

6.4 DEFINITION. Given an (n,r)-sequence ¢ = (o1,...,0,), a model K &
Tw .5 and a tuple a = (a1,...,am) € KM we define R"(a,K,0) to be
the ring of all functions f: K™ — X for which there is p € Rar4ryn such that
f(z) = p(a,z,01(x),...,00(x)) for all x = (z1,...,2,) € K".

Note that then R"(a,K, o) is a noetherian ring of definable C*°-functions on
K" closed under the operators 8/8z; fori=1,...,r. 1M < Nandaec KM isa
subsequence of b € KV, then R"(a,K,0) C R"(b,K, o).
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Given a substructure k C K we let R"(k,K,o) be the union of the rings
R™(a,K,0) over all @ € kM, M € N. Then R"(k,K,0) is also a (possibly not
noetherian) ring of definable C*°-functions on K" closed under the operators
8/0x; for i = 1,...,r. It contains the functions on K" given by the constants in
k, the elements of R, and the terms ay,...,0,.

6.5 DEFINITION. Let o be an (n,r)-sequence and k € K |= T r,,.. F,. Then a
point P € K" is called (k, o)-definable if there are ¢1,...,9- € R"(k, K, o) such
that P € V™8(gq,...,9r).

By routine arguments (see (3.8), (3.9) and the proof of (5.9)) we get:

6.6 LEMMA: T r,,. . F is model complete if and only if for all models k and K
of Ty p,..,r with k C K and all (n,r)-sequences o (n > 0,r > 1), each (k,0)-
definable point of K" lies in k".

Remark: In this paper we apply the general results on an arbitrary (P, RR)-chain
Fi, ..., F; only to the particular (P, R)-chain of length 1 on R that consists of the
single function exp. For that reason we do not actually need lemma (6.6), and
will use instead lemma (3.9), which is more convenient in that case. We also point
out that it suffices to consider in lemma (6.6) (n, r)-sequences (o1,...,0,) such
that each o; is of the form Fj(y1,...,ym) where yi, ...,y are distinct variables

among rj,...,ZTr. |

6.7 LEMMA: Let o0 = (01,...,0,) be an (n,r)-sequence, r > 2, and let k and
K be models of Ty, ., with k C K. Assume in addition to the hypotheses of
lemma (6.2) that g1,...,g,—1 € R"(k,K, o) and that each (k, c)-definable point
of V.C K" lies in k". Let (a,P) € V be a k-bounded point, o € K, P € K™~1.
Then there are 71, v2, B1, B2, B1, Boink with v < 71 < a < B < B2 and
IIP|| < B1 < Bz, and an integer M > 1 and definable C®-maps ¢;: (72, 82) —
K1 (fori=1,...,M) such that

(i) ll¢s(t)|| < By fori=1,...,M and t € (72, B2),

(i) VN ((y2,P2) x {Q € K~1: ||Q|| < B2}) is the disjoint union of the graphs

I(¢s) fori=1,..., M.

Moreover, for any such i, v2, 1, B2, B1, B2 and M there exist C*°-maps
U;: (72, B2)y — K™~1, definable in k, fori =1,..., M, such that (i) and (ii) hold
with ¥; in place of ¢;, where all notions are interpreted in k.
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Remark: Tt also follows from the additional assumption that each point of V
with first coordinate in k lies in k”.

Proof:  Just like the proof of lemma 6.3 in [W1], except that theorem 4.9 of [W1]
should not be applied to R"(k, K, o) (since we don’t know if this ring is noether-
ian) but to a suitable (noetherian) subring R"(a, K, o). The role of theorem 6.2
of [W1] is taken over by lemma (6.2) above. 1

6.8 LEMMA: Suppose T is model complete. (Hence O-minimal by (5.11).) Let
k and K be models of Ty p,, g, with k C K. If ¢ is an {n,r)-sequence, r > 1,
such that for each s > r each (k, o)-definable point of K* is k-bounded, then each
(k, o)-definable point of K" lies in k".

Proof: By induction on n. The case n = 0 follows from model completeness of
Tw. The proof is otherwise along the lines of the proof of lemma 2.8 in section
7 of [W1], and is in fact smoother and shorter, since there are no problems with
domains of definition as in [W1]. Of course the role of lemma 6.3 in [W1] is taken
over by lemma (6.7) above. 1

6.9 THEOREM: {R,,,exp) is finitely model complete and O-minimal.

Proof: Apply the above to the noetherian H-system
R:= GR{X’ m}[wh L) xm])mEN

and the (P, R)-chain of length 1 on R consisting just of the function exp. Propo-
sition (4.5) (see also (4.4)) shows that the hypothesis of (6.8) is satisfied in this
situation for the (r,r)-sequence (exp(zy),...,exp(x,)), for each + > 1. Hence the
desired result follows from (6.8), (3.9), (5.11) and (5.14). n

If one analyzes what is really used in this proof one obtains:

6.10 PROPOSITION: Let R be a noetherian H -system such that R, contains the
functions  — (1+ 2?)"1: R — R, and = — exp((1 + z2)~1). Suppose Ty is
model complete and of rational type. Then T exp is finitely model complete and
O-minimal.

We now apply this proposition to show that expanding the model complete
structures of [W1] by exp preserves model completeness.
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6.11 Let a Pfaffian chain G,,...,G;: U — R on an open set U C R™ with
m > 1 and [0,1]™ C U be given, that is, the G’s are real analytic functions, and
there are polynomials p;; € Rlz1,...,Tm44) for i = 1,...,0,j = 1,...,m such
that (0G;/0z;)(z) = pij(z,G1(2),...,Gi(x)) on U.

Let C be a subfield of R containing all coefficients of all polynomials p;;,
for instance the field generated by these coeflicients. Define F;: R™ — R for

1=1,...,m by
Gi{x), if 0, 1™
i = { G Ex<lo
0, if z € R™[0, 1]™.

Then one of the main results of [W1] is (slightly reformulated):
(R, <,{€)cec, >+, F1,..., F) is model complete.

To show that further expansion of this structure by exp preserves (finite) model
completeness, we now construct a suitable noetherian H-system. Given any
subset s of {1,...,m}, define F; ;: R™ — R by F; ,(x) = F;(z},...,x),), where

, { 0, for jes
T =
J (142571, forje{l,...,m}\s.

The functions (1+2z2%)71,...,(1+22,)~! on R™ followed by a suitable arrange-
ment of the functions F; 4, (i € {1,...,1} and s C {1,...,m}) are easily seen to
form a Pfaffian chain g¢;,...,¢9r on R™ whose corresponding polynomials have
coefficients in C.

Given any n € N, sequence o = (a(1),...,a(m)) € {1,...,n}™ and function g;
of this chain we define g; o: R* — R by g; o(21,...,20) = g5(Taq)s- - -» Ta(m))
and put

R, = Clz1,...,Tn,(gj,a)] (j ranging over {1,...,L} and a over {1,...,n}™),

a noetherian subring of the ring of all C*-functions on R™. One checks easily
that R := (R,,) is a system of C°-rings, and that the Ti-expansion of the
ordered field of reals is interdefinable, both existentially and universally, with the
original structure (R, <, (¢)cec, =+, F1,..., F1). Hence Ty is model complete
and O-minimal, so R is a noetherian H-system. We can now draw the following

conclusions.
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6.12 COROLLARY:
(1) R, <,(e)eecs—>+,+ F1,..., F) is finitely model complete and smooth.
(i) (R, <, (¢)eecs =+, F1,..., Fi,exp)) is finitely model complete and O-mi-

nimal.

Proof: The functions in R are “uniquely” existentially definable in
(Ra <, (6)6607 ) +’ '7F1a ey Fl)y

hence finite model completeness of this structure follows from finite model com-
pleteness of Tw, which in turn follows from (5.14). Smoothness is obtained in
the same way as smoothness of T., as in [W2], see also the proof of (2.2). Now
(ii) is obtained from (i) by applying (6.10): note that we can always extend
the chain Fi,..., F if necessary to include the functions z — (1 + z?)~! and
z — exp((1 + 22)71) in Ry. |

7. Characterization of definable closures

In this short section we keep the notations of the previous section: R is a fixed
noetherian H-system and Fi,..., F; a (P,9R)-chain on R™.

Definition: Given an L-structure K and a subset S of K we say that an element
¢ € K is existentially definable over S if there is an existential L(.S)-formula
#(y) in one free variable y such that K & ¢(c) and K | —¢(b) for all b € K with
b # c¢. The existential-definable closure of S in K is the set of all elements
of K that are existentially definable over S. (Clearly this existential-definable
closure is the underlying set of a substructure of X.) |

If Th(K) is model complete, “existentially definable” equals “definable”, and
the existential-definable closure of S in K equals its definable closure in K, and in
this case the definable closure is also the underlying set of the smallest elementary
submodel of K containing S. In particular, if K is a real closed field, the definable
closure of S in K equals the relative algebraic closure in K of the field generated
by S in K. When Ty ,,... F, is model complete and K = Ty F,..F We want to
find a similarly simple characterization of the definable closure of S in K. We
may as well characterize instead the existential-definable closure of § in K, which
has the advantage that we do not have to assume Ty F, .. F, is model complete.

The answer is not as simple as for real closed fields, but still perhaps of interest.
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PROPOSITION 7.1: Let K = T p,....r, and S C K. Let ¢ € K. Then ¢ is exis-
tentially definable over S if and only if ¢ is a coordinate of a regular solution (in
KM for some M € N) of a system of equations

ti(z1,. . zpm) = =tylxy,...,2Mm) =0

with ty,...,tp terms of L(R, F,..., F}, S). Moreover, the existential-definable
closure of S in K is existentially closed in K.

Proof:  Such a system of equations has only finitely many regular solutions,
and by lexicographically ordering these solutions we can tell them apart, and
this enables us to existentially define each coordinate of each regular solution.
For the reverse inclusion, let E(S) be the set of a € K that are coordinates of
regular solutions of systems as above. We claim that if a, b € E(S), then also
a+b € E(S). To see this, let a be the i-th coordinate of a regular solution
of the system #1(x) = --- = tp(x) = 0 with = = (z1,...,2x), and b the j-th
coordinate of a regular solution of the system u;(y) = --- = un(y) = 0 with
y = (y1,--.,yn), and with the ¢’s and u’s terms of L(R, F, ..., F}, 5). We may
as well assume the variables zy,...,Zp,¥1,-..,yn are distinct, and take one
extra variable z. Then a+b is clearly the (M 4+ N +1)-th coordinate of a regular
solution in KM+N+1 of the system

ti(@)=-=tu(@) =wly)=-=un(y) =2—(z: +y;) = 0.

In the same way one shows ab € E(S), and even that E(S) is (the underlying
set of) a substructure of the L(R, Fy, ..., Fi)-structure K. The proof will now be
finished by showing that E(S) is existentially closed in K, since this clearly implies
that E(S) is the existential-definable closure of S in K. By the considerations of
(5.12) and lemma (5.13) it suffices to show:

CrAM: Let hq1(y),...,hn(y) be L(R, Fy, ..., Fi, E(S))-terms, y = (y1,...,yn),
and let (b1,...,bn) € KN be a regular solution to the system hi(y) = -+ =
hn(y) = 0. Then b; € E(S) for all j .

To prove this claim, write each h;(y) as t;(a, y) where t1(z,y),..., tn(z,y) are
LR, F,...,F)-terms, = (x1,...,7y) and @ = (ay,...,apy) € E(S)M. For
each i € {1,..., M}, let z; = (2i1,..., Zin(;)) be a tuple of new variables and let
ti1(2i), ..., tinis)(2:) be L(R, Fy,. .., F}, S)-terms such that a; is a coordinate of
a regular solution in K*® of the system t;;(z;) = --- = tini)(2:) = 0, say the
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m(1)-th coordinate of such a regular solution, 1 < m(i) < n(i). Let n = > n(3).
We now consider the following system of M + N + n equations in the variables

iy TM Y15 YN, zlla-"vzln(l)a'"aZM17"'7zMn(M):
tl(x’y) == tN(x,y) =0,
tin(z1) = - = tipy(21) = 0
ta1(22) = -+ = tan(2)(22) = 0
tmi(zm) =+ = tanny(zm) = 0
T1 = Zim(1) = = IM — ZMm(m) = 0.

Note that the number of variables of this system is also M + N + n. This
system has a regular solution of the form (ai,...,aar,b1,...,bn,...). Hence
each b; € E(S). [ |

8. Analytic Cell Decomposition

8.1 We call a system R analytic if all functions in R are (real) analytic.

In this section we show that if F,..., F; is a (P, R)-chain over an analytic sys-
tem R, then Fy,..., F; are themselves analytic, and the usual cell decomposition
theorem can be improved to give analytic cells, when we assume also that R is

noetherian and Ty r, ... F, is model complete. First a purely analytic resuit.

8.2 LEMMA: Let f: U — R be a C!-function on an open set U C R™ such that
0f/0x; = pi(x, f(x)) on U for i = 1,...,m, where the p;: V — R are analytic
functions on an open set V. C R™*! that contains the graph of f. Then f is
analytic.

Proof: Let m > 1 and assume inductively that the lemma holds for m replaced
by m — 1. Since analyticity is a local property, we may take U = I) X -+ x I,
with open intervals I,..., I, and that V = U x J, where J is also an open
interval. Take a point r € I,,, and define the C'-function ¢g: I; x -+ - X I,,_; — R
by g(z1,...,Tm-1) = f(1,...,Zm-1,7). Then the inductive hypothesis implies
that g is analytic. Next we use the analytic dependence on parameters and
initial values of solutions of analytic ordinary differential equations,

which for the reader’s convenience we state in a global form as follows :
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Fact: Let p: W x I x J — R be analytic, with W open in R* and I, J open
intervals, and fix r € I. For each a € W and b € J, consider the collection C,
of C-functions h: I' — R such that I' is an open subinterval of I containing
T, the graph of h is contained in I x J, b'(z) = p(a,z, h(z)) for all x € I', and
h(r) = b. Then C, contains a “maximal solution” yas: Io» — R, that is, I,
contains every interval I' as above and y,, extends every function h € C,p.
Moreover, D := {(a,b,z): a € W,b € J,x € I} is an open subset of R**? and
y: {a,b,z) = Yo u(z): D — R is analytic. .

Now apply thisto W =11} X -« x Iy_1, I := I, J := J and p := pp,.
Then clearly f(x1,...,Zm-1,Zm) = Y(T1,- -, Tm-1,9(Z1, .-+, Tm-1), Tm) in the
notation above. Hence the analyticity of f follows from the analyticity of g and
Y. |

8.3 COROLLARY: IffR is an analytic system, then the functions in any (P,R)-

chain over any R™ are analytic.
Proof: By induction on the length of the chain, using the lemma above. |

Note that the systems of {3.2) and those introduced in {6.11) are all analytic.
Also, if R is analytic and f,..., fi is a (P,?)-chain over R™, then the corollary
implies that R(f1,..., fr)® is analytic.

8.4 Let R be an expansion of the ordered field of reals. A map f: A — R®
with A C R™ is called R-analytic if A is definable and there is a definable
open neighborhood U of A in R™ and a definable real analytic map F: U — R»
such that f = F|A. Here and in the rest of this section we take “definable” in
its absolute sense, that is “definable in R without constants”. In particular, an
R-analytic map is definable.
Let A C R™ and B C R" be definable and f = (f1,..., fn) : A = R*. Then:
(i) the inclusion map A — R™ is R-analytic;
(i) each coordinate map (zy,...,Zm) — z;: A — R is R-analytic;
(iii) f is R-analytic if and only if each f; is R-analytic;
(iv) if f is R-analytic and g: B — R* is R-analytic, then the composition
go f: An f~Y(B) — R* is R-analytic.
8.5 We define R-analytic cells in R as certain kinds of definable subsets of R";
the definition is by induction on n:
(i) the R-analytic cells in R = R! are just the definable points {r} and the
definable open intervals (a, ), —o0 < a < b < +o0;
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(i1) let C C R be an R-analytic cell and let f, g: C — R be R-analytic
functions such that f < g on C; then (f,g) := {(z,r) € C x R: f(z) <
r < g(z)} is an R-analytic cell in R**!; also, the graph ['(f) C C x R
and the sets (—oo, f) := {{z,7r) € C xR r < f(2)}, (g9, +o0) := {(z,7) €
C x R: g(z) < 7} and (—o0, +00) := C x R are R-analytic cells in R*+!.

In this way all ]R-analytic cells are obtained. Note that an ]R-analytic cell in
R" is a real analytic submanifold of R™, definably-analytically isomorphic toc R™

for some m < n.

8.6 An R-analytic decomposition of R” is a special kind of partition of R® into
finitely many ]R-analytic cells. Definition is by induction on n:
(i) An R-analytic decomposition of R = R is a collection of intervals and
points of the form {(—o0,a1),(ai,as),...,(ak, +00),{a1},...,{ax}} with
ay < «-- < ay definable real numbers. (For k = 0 this is {R}.)
(ii) An R-analytic decomposition of R*t! is a finite partition of R**! into
R-analytic cells A such that the set of projections n(A) is an ]R—ana.lytic
decomposition of R*. (Here 7: R**! — R™ is the projection on the first n

coordinates.)

An R-analytic decomposition of R” is said to partition a set A C R™ if 4 is

a union of cells in the decomposition.

8.7 Let now R be a noetherian H-system and F,..., F; a (P,R)-chain on R™.
Let R be the corresponding L{fR, F1, ..., F})-expansion of the ordered field of
reals, so R is a model of Tix .., r,. Then the usual Cell Decomposition Theorem
for O-minimal structures, cf. [P-S], can be refined as follows:

8.8 THEOREM: Assume R is analytic and Tw F, .. F, is model complete. Then:
(I,) For any definable sets Ay, ..., Ay C R" there is an R—analytic decomposi-
tion of R™ partitioning Aq,..., Ag.
(I1,) For every definable function f: A — R, A C R", there is an R-analytic
decomposition of R* partitioning A such that each restriction f|C: C — R
is R-analytic for each cell C C A in the decomposition.

Proof: By induction on n. Note first that by (5.11)(ii) the theory we are dealing
with is O-minimal. Ordinary cell decomposition then gives (I). For (II;), let
f: A — R be definable with A C R. Model completeness gives an equivalence:
R E (z,9) € I(f) & 3z(F(z,y,2z) = 0), (z = (z1,...,2n)) for some function
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F € Royn {91,---,9:) where g1,..., g is a (P,R®)-chain on R?*V such that each
g; is defined by an L(R, F,..., F;)-term. By lemma (5.13) and corollary (8.3)
there are finitely many (1 + N)-tuples

hi = (h11,. .- hiien), oo hy = (R, ..o hyien)
of R-analytic functions h;, on R**V such that:
R | 3y, 2(F(z,y,2) = 0)
- \/ Jy, 2(F(z,y,2) = 0A hj(z,y,2) = 0 Adet(0h;/0(y, 2))(z,y, 2) # 0).
1<58d
Thus A = U;<;<s 4j, where A; is the set of a € A such that

R | 32(h; (a, f(a), ) = 0 A det(dh;/8(y, 2))(a, £(a), 2) £ 0).

Applying ordinary cell decomposition to the restrictions of f to the A;’s we may
reduce to the case that J = 1, A is an interval (i.e., an open R-analytic cell in
R!') and f is continuous. Then the analytic implicit function theorem implies
f is analytic, so f is R-analytic. Next assume inductively that (I3),...,(I,),
(IL),...,(II;) hold. Then the usual O-minimal cell decomposition theorem,
together with the inductive hypothesis easily gives (I,41). (One may consult
the proof of the cell decomposition theorem in [P-S] for more details.) Next one
derives (I],41) in almost the same fashion as we derived (IIy) from (I;). Again,
we refer to [P-S] for similar arguments of this kind. |

8.9 REMARK. What if we consider sets and functions that are definable using
constants? In practice this is no problem since usually %8 = R so that there is
then no difference between “definable in the absolute sense” and “definable using
constants from R”. Even if Ry does not contain all constants, we can usually
extend R.so that Ry = R.

8.10 Let us consider the 1-variable case in more detail. Under the assumptions
of the theorem, let ¢ : R — R be definable using constants in R. We claim:
There are reals a; < -+ < ai such that g is analytic on each interval (a;, a;+1)
fori=0,...,k, where ap := —o0 and agy; := +o0.

To see why, note that there are ry,...,7, € R and a definable function
f: Rt — R such that g(z) = f(r1,...,7n,z) for all z, where “definable” is
taken here in the absolute sense. Then the claim follows easily from the piece-
wise analyticity of f implied by the theorem.
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9. An exponential bound on the growth of definable functions

9.1 Define exp,(z) for n € N and z € R by expy(z) := = and exp, ,(z) :=
exp(exp, (z))-
9.2 PROPOSITION: Let g: R — R be definable (using constants) in Rexp,. Then

there are m, n € N and a constant C > 0 such that
lg(z)| < C - exp,(z™)
for all sufficiently large x.

Remark: The proof given below actually produces m and n from an algebraic
differential equation satisfied by ¢ on some interval (a, +0o). But first we treat

a few generalities on such differentially algebraic functions. |

9.3 Let U be a nonempty connected open set in R™, and let An(U) be the
integral domain of (real) analytic functions f: U — R. We say that f € An(U)
is differentially algebraic if the integral domain

R[8'*! f/82*: o € N™] C An(U)

generated by the partials of f over the field R of constant functions on U has
finite transcendence degree over R.

(If U is an interval on the real line, this is clearly equivalent to the standard
definition that there is a non-zero polynomial p(Xo, ..., X%) over R such that

p(f(z), f'(z),. .., f*F(z))=0forall z € U.)
Let V C R® be a nonempty connected open set, fi,...,f, € An(U x V).

Let ¢ = (x1,...,%Zm) range over U and y = (y1,...,yn) over V. Suppose

My--+, Mt U — R are continuous such that for all z in U,
n(z) == (m(z),-...m(x)) €V, filz,n(z)) =" = falz,n(z)) =0
and J(z) # 0, where J(z) := det((8f;/0y;)(z, n(z)).
By the analytic implicit function theorem the functions 7y, ..., n, are then also
analytic, and for eachi=1,...,mand z € U:
o1 /dz; 8f1/dy1---8f1/yn \ ' [ Bf1/0x;
(%) 5 =- : :
Onn [0z O0fn/0y1 -+ -0 fn/0yn 0fn/0x;

where the left side is evaluated at x and the right side at (z,9(z)).
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9.4 LEMMA: Suppose f1,..., fn are differentially algebraic. Then ny,...,n, are
also differentially algebraic.

Proof: Let R[f1,..., fu]¢ be the subring of An(U x V') generated over R by the
partials of all orders of f1,..., f,. Note that the function J: U — R introduced
above is real analytic and has no zero on U. Clearly (*) above can be written as

(%%) (8n;/0z:)(z) = J(x)~" - Fji(z,n(z)), for some Fj; € R{fy,..., fa]®.
By taking further derivatives in (xx), using the chain rule, one derives inductively
() for each a € N™ : (8!°ln; /82%)(2) = J(x) ™ - Fjo(z, h(z))

for some n(a) € N and Fj, € R[f1,..., f»]?. Consider now the R-algebra homo-
morphism An(U x V) — An(U) sending each function f € An(U x V) to the
function z — f(z,n(x)): U = R. Let R C An(U) be the image of R[f1, ..., fu]¢
under this homomorphism. Note that J € R. By (* * *) we know that

R[71,. .., 1) € R[JY] C Frac(R),

where J~! is the multiplicative inverse of J inside the fraction field Frac(R) of
R, which we consider here as a subfield of the fraction field of An(U). Hence:

tr.degrR[m, . . o n)? < tr.degrR[J Y] = tr.deggR < tr.deggrR[f1,. .., fa]? < cc.

Therefore 7y, .. .,n, are differentially algebraic. ]
Similar but easier arguments show (with U C R™ and V C R™ as above):

9.5 LEMMA: Let f € An(U) and gy, ...,9m € An(V) be differentially algebraic,
such that the image of g := (g1,...,gm): V — R™ is contained in U. Then
flg1,-.-,9m) = fog € An(V) is differentially algebraic.

9.6 LEMMA: If n = m + 1 and we assume in lemma (8.2) in addition that the
p; € An(V) are differentially algebraic, then f is differentially algebraic.

9.7 COROLLARY: Let all functions of the analytic system R be differentially
algebraic, and let Fy,...,F; be a (P,MR)-chain on R™. Then all functions of
R(F,...,F)® are differentially algebraic.
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9.8 PROOF OF PROPOSITION (9.2). We first note that by (8.10) each definable
g: R — R is analytic on an interval (a, +00). The germs at +00 of such definable
functions form of course a subring of the ring of germs at +o0 of all real valued
functions on R; this subring is actually a field, since by O-minimality, if g: R —
R is definable, then g(r) is ultimately of constant sign (positive, negative, or
zero) for large x. Moreover, this field is a differential field, since for large z the
derivative ¢'(x) exists, is a definable function of z, and taking the germ at +oo
of this derived function is a well defined operation on germs. This means that
the germs at +o00 of definable functions ¢: R — R form, what is called, a Hardy
field. Let R be the system (R[z1,...,Z,])nen, so by (9.7) the functions in the
extended system R (exp)’ are all (analytic and) differentially algebraic. Now we
note that the proof of analytic cell decomposition shows that our function g is
piecewise “implicitly defined” by equations in R (exp)®, so that by (9.7) and (9.4)
there is @ € R such that g is analytic on (a, +00), and differentially algebraic on
that interval, that is, there is a nonzero polynomial p(Xy, ..., X,) over R such
that p(g(z), ¢'(x), . ..,g™(z)) = 0 for z > a. By a general result on differentially
algebraic functions in Hardy fields due to M. Singer, cf. [Ro, Th.3], it follows
there is an m € N and a positive constant C such that |g{z)| < C - exp, (z™) for
all sufficiently large x. |

9.9 Theorem 3 in [Ro] actually supports a more general result. To see this we
need a relative version of “differentially algebraic function”. Let R be an analytic
system; let U be as in (9.3), and call f € An(U) differentially algebraic over
R if the subring of An(U) generated by f and its partials of all orders over
R, |U = {g|U: ¢ € R} has finite transcendence degree over R,,|U. Then
the corresponding relative versions of (9.4), (9.5), (9.6) and (9.7) go through.
Applying this to R := (R{X,m}[z1,...,Zm])men, the proof in (9.8) leads to the
following extension of (9.2).

9.10 PrOPOSITION: Let g: R — R be definable (using constants) in (Rap,exp).
Then there are m,n € N and a constant C > 0 such that |g(z)| < C - exp, (z™)
for all sufficiently large x.

We leave the details of the proof to the reader.
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